yHHKajibHOCOCTaBjieHHbie (J)Hrypbi, 



A. M. IleTpyHHH, C. E. PyKiiiHH 



Ilo OTHOineHHio k paBHOCocTaBjieHHOCTH HeKOToptie BBinyKjibie cpurypbi 06- 
jia,a,aiOT o,h;hiim jiro6onbiTHbiM cbohctbom: HanpiiMep, ecjin Kpyr K paBHOCo- 
CTaBjien BbinyKjioit (pnrype F, to F KOHrpysHTHa K. fly6HHC, Kapyin 11 Xnpin 
flOKa3ajIH, hto TeM jke cbohctbom o&ji&p^&eT h sjijinnc (cm. [DHK]). Mh jkb flaeM 
nojinyio KjiaccHcpHKanino TaKiix cpnryp. 

3th pe3yjit>TaTM Gbijih nojiyroHbi h flaaK HanncaHbi Ham noHTH 20 jieT 
Ha3a,n, Torfla nepBbift H3 aBTopoB 3aHHMajica b MaTeMaTHnecKOM KpyjKKe no,n 
pyKOBOflCTBOM BToporo. BcKope nocjie HanncaHHa CTaTbH (HanenaTaHHaa: Ha ne- 
HaTHOH ManiHHKe b eflHHCTBenHOM 3K3eMnjiHpe) 6bijia yTepjma, p&xe He ppihjiR 
pp pe,n,a:KHHH jKypHajia. 

Mbi nonbiTajiHCb nepenncaTb ee KaK moxcho noHHTHee. Jlnsi ynpomeHHH mbi 
^,OKa3biBeM nocjieflOBaTejibHO hcckojibko TeopeM, KajK^aH cjie^yromaa H3 koto- 
ptix o6o6maeT npeflbmymyio. BaM noTpe6yeTCH tojibko 3HaHne flOKasaTejitCBa 
TeopeMbi Bohhh — TepBHHa, KOTopoe mojkho HaiiTH, HanpHMep, b KHHJKKax 
Bojithhckoto [B] hjih [BC-1]; b nHTOH nacTH Mbi TaiQKe Hcnojib3yeM hckoto- 
pbie pe3yjibTaTbi BemecTBeHHoro aHajiH3a (floCTaTOHHO nepBbix neTbipex rjiaB 
khhjkkh HaTaHCOna [H]). 

1 06o3HaHeHH5i h onpe,a,ejieHHH. 

o F 6yn,eT o6o3HanaTb njiocKyio h name Bcero BbinyKjiyio cpHiypy, 

o S(F) o6o3HanaeT njioma#b F , 

o dF o6o3HanaeT KpHByio, orpamiHiiBaioiHyio F 

1.1. Onpe^ejieHHe. /fee uaockux cfimypu F uG Ha3ueammcH paBHOCocTaB- 
jieHHbiMH ( uau F ~ G), ecAU odny mochcho pa3pe3amb ompe3KaMU npjiMOU na 
KoneuHoe hucao KycKoe u cocmaeumb U3 amux KycKoe dpyzym qiuzypy. 

1.2. Onpe^ejieHHe. BunyKAasi cfimypa F Ha3ueaemcsi yHHKajibHOCOCTaB- 
jieHHOii, ecAu Aw6aji eunyKA&n cfimypa, paenococmaeAeHHaji F , aeAsiemcM, koh- 
zpysHtnHOU F . 

1.3. Onpe,a,ejieHHe. /fee Kpueue (uau dea na6opa Kpueux) a u (3 na3uea- 
mmcsi paBHOCOCTaBjieHHbiMH (uau a ~ /3), ecAU nepeym(uu) modkho pa36umb 
na KoneHHoe hucao dyz u cocmaeumb U3 hux emopyto(ou). 

1.4. Onpe,a,ejieHHe. /fee Kpueue a u ft na3bieammcsi CTa6njibHO paBHOCo- 

CTaBJieHblMH ( UAU a ~ P), eCAU U3 HUX MOMCHO UCKAWHUTUb KOHeunoe HUCAO 



1 



ompe3Koe npsiMou man, umo ocmaemuecsi dea na6opa npueux paeHococmaejie- 

HU. 

Cjieflyromee yTBep:sc,zi,eHiie HBjiaeTca: npocTbiM o6o6ineHiieM TeopeMbi Bohhii 
— TepBHHa yTBepjKflaiomeH hto paBHOBejniKiie MHoroyrojibHiiKii paBHOCocTBa- 
jieHbi, (cm. [B] hjih [BC-1]): 

1.5. yTsepjKfleHHe. flee eunyKJiue tfiuzypu F u G paeHococmae/ieHU mozda 
u moAbKO mozda, nozda ux nAou^adu paenu u Kpueue, ux ozpanunueawu^ue, 
cma6uAt>H0 paenococmaeAeHU. Hau 

F~G <f> S(F) = S(G) u dF ~ dG. 

floKasameAbcmeo; Heo6xoduMocrm>: coBOKynHOCTb Bcex KpHBbix, orpainiHiiBa- 
k>ihhx KycKH pa36iieini5i, coctoht h3 /ryr nepBOii KpiiBoii njiroc KaKoe-TO kojih- 

HeCTBO « BHy TpGHHHX » OTpe3KOB npHMOH, H H3 Tex 7Ke KyCKOB COCTOHT II BTopaa 

cpiirypa. TaKiiM o6pa30M, ecjiH H3 rpaHHii,bi F Bbipe3aTb OTpe3Kii npaMoft, ko- 
Toptie cooTBeTCTByiOT «BHyrpeHHHM» OTpe3KaM pa36iieniiH G, h aHajioariiHuo 
nocTynHTb c rpaHimeii G, to ocTaBniiieca KycKH rpaHHH, 6yiryT paBnococTaBjie- 

Hbl. 

flocmamoHHocmb: paccMOTpiiM pa36neHHe rpaHHn, F h G KaK b onpeflejieHim 
CTa6njibHoii paBHOCocTaBjieiiHOCTH. Ecjih k KajKfloft TaKoii flyre cpHryp F h G 
npoBecTH xopfly, to o6pa30BaBiniieca rop6yniKH (cerMeHTbi) pjin paBHbix ,nyr 
paBBM. Tax KaK S(F) = S(G) to h njioin,a#H ocTaBiniixcH MHoroyrojitniiKOB 
paBHbi, a 3HaniiT, ohii paBHOCocTaBjiCHbi no TeopeMe Bofian — TepBHHa. □ 

2 yHHKajibHococTaBJieHHOCTb Kpyra. 

2.1. TeopeMa. Kpyz yHUKaAbHococmaeAen. 

fl-Jin AOKa3aTejibCTBa HaM noTpe6yeTCH cjieflyioiHaH jieMMa: 

2.2. JieMMa. Ecau zpanuup, eunynjiou aiuzypu F cocmoum U3 KOHeunozo huc- 
Aa ompe3Koe npsiMou u dyz oKpyafCHocmeii paduyca R c o6ui > eu yzAoeou Mepoil 
360°, mo ona sieAfiemcsi R-oKpecmHocmbw eunyKAozo MHozoyzoAbHu-na. 

B uacmHocmu, F codepotcum e ce6e Kpyz paduyca R. 

floKasameAbcmeo meopeMu 2.1 no ModyAm jieMMu 2.2. 06o3HaHiiM nepe3 K 
Kpyr pa/niyca R. IlycTb F ecTb BbinyKjiaa cpiirypa, TaKaa hto K ~ F . Tor/ja 
H3 yTBepjKfleHHH 1.5 mbi HMeeM: S(F) = S(K) h rpainma F cma6uAbno pae- 
HococmaeAeHa OKpysoiocTii pa^nyca R. B nacTHOCTii, F yflOBjieTBopaeT jieMMe 
2.2. TaKiiM o6pa30M, F co,n;epjKiiT b ce6e Koniiio K. TaK KaK S(F) = S(K), 
nojiyraeM K = F. 

□ 

B flOKa3aTejibCTBe jieMMbi mm 6ya,eM nojn>30BaTbCH cjieflyioiHHM cpaKTOM, 
KOTopbiii npefloCTaBjiaeM HiiTaTejno b KanecTBe ynpajKneHiisi: 
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2.3. VnpajKHeHHe. Flycmb A\Ai ■ ■ ■ A n ecmt> 3aMKHymasi jioManasi, Komopasi 
npu o6xode no neu noeopauueaem see epeMM npomue nacoeou cmpeAKu, u 06- 
w,uu yzoA noeopoma paeen 360° — mozda AOManaA A\Ai ■ ■ • A n ozpaHuuueaem 
eunyKJiuu MuozoyzoAbHUK. 

/JoKasameAbcmeo a&mmu 2.2. IlycTB a ecTB BbinyKjiaa KpiiBas: CTa6HjiBHO paB- 
HOCocTaBjieHHaa OKpy^KHOCTii pajrnyca R. 3aMeTHM. hto b stom cnynae KpiiBas 
He HMeeT yrjiOBbix ToneK. ^eftcTBHTejiBHO, npii o6xo,i];e BOKpyr KpiiBoii Heo6xo- 
jthmo noBepHyTb na 360°, h pobho Ha stot jkb yroji mm noBopamiBaeM, npoima 
no BceM /ryraM OKpyacnocTn; tskhm o6pa30M, Ha yrjiBi He ocTaeTCH MecTa (to 
ecTb, ecjiii 6bi HMejiact eiH,e h yrjiOBaa TOHKa, to o6ihhh yroji noBopoTa 6hji 6bi 
6ojiBine neM 360°, hto hcbosmojkho) . 

TaKiiM o6pa30M, KpiiBan a coctoht h3 noone- 
pe,n;HO CMeHjnoiinixcH jxyr OKpyjKHOCTeii 11 0Tpe3- 

KOB npHMblX, TaK HTO OTpe3KH H flyTH npOflOJIJKaiOT 

jxpyr APy ra B T0M HanpaBjieHHH. JlflR KajK^oro 
OTpe3Ka npsMoii b a paccMOTpHM ero napajuiejiB- 
hbih nepeHOC b nepneHflHKyjiapHOM HanpaBjieHHH 
BHyTpb (purypbi Ha paccTOjmne R. IlpH stom koh- 
hbi OTpe3KOB, cocejTHHe *iepe3 pyry, nepeiijj,yT b o;j;- 
Hy TOHKy, h mbi nojiyHHM 3aMKHyTyio jiOMaHyro H3 
napajijiejHjHbix nepeHOCOB Bcex OTpe3KOB a. 3BeHBa 
3toh jiOMaHofi noBopanHBaiOT b o^Hy 11 Ty ace cto- 
poHy (TaK jKe KaK h a), h, Tax see KaK y a, o6ihhh 
yroji noBopoTa 6yn,eT 360°. 
Bocnojn>30BaBHiHCB ynpajKneHneM 2.3, mbi nanynaeM, hto 3Ta jiOMaHaa orpa- 
HHHHBaeT BBinyKjibifl MHoroyrojibHHK. 06o3HanHM ero M, h h3 nocTpoemiH jier- 
ko BHfleTb, mo caMa cpnrypa F ecTb MHOxcecTBO TO^eK Ha paccTOHHHH R ot M. 

3 yHHKaJIbHOCOCTaBJieHHOCTb JIHH3M. 

3.1. TeopeMa. riepeceneHue deyx Kpyzoe odunaKoeozo paduyca ecmb ymiKdAb- 
HococmaeAeHHan cfimypa. 

fljia KpaTKOCTH, flaBaftTe Ha30BeM nepece^eHHe flByx KpyroB pajj,Hyca R auh- 
30U h 6yn,eM o6o3nanaTB ee L u , r^e u ecTb yrjiOBaa Mepa ee pyr (b HacTHOCTH, 
L2.1v ecTb Kpyr pa,zniyca R). C noMombio tohho Taxoro xe paccyscjreHHH, ito 
h b ,a,0Ka3aTejibCTBe TeopeMbi 2.1, TeopeMa 3.1 cbo/hitch k cjiejxyioiHeH jieMMe: 

3.2. JleMMa. Ecau eunyKJian (fiuzypa F uMeem zpanuvAj, cma6uAbno pae- 
HococmaeAeHHyw zpanui^e AUH3U L u , mo S(F) S(L U ). BoAee mozo, ecAU 
S{F) = S(L U ), moF = L^. 

,H,OKa3aTejibCTBO 6yjj,eT npoBe/i,eHO b flBa niara. CHanajia mbi ^OKajKeM cjiefly- 
K)m,ee, 6ojiee cjia6oe yTBepjKjj,eHne, a yxe noTOM npncTynHM k o6m;eMy cjiynaio. 
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3.3. JleMMa. Ecau i^emnpaAtHO-cuMMempuHHaJi eunyKAati cfiugypa F UMe- 
em zpanuuxj, cma6uAt>Ho paeHococmaeAeHym zpanuiifi auh3u L^, mo S(F) ^ 
S(L U ). BoAee moeo, ecAu S(F) = S(L U ), mo F = L u . 

floKasameAtcmeo a&mmu 3.3. B ;j,0Ka3aTejibCTBe mm BOcnojit>3yeMCH jjByMH 
npone/rypaMn: «Bbipe3aHHeM napajijiejiorpaMMa* n «HeTbipexHiapHHpHMM cjtbh- 
tom». nepBbift (npHMeHeHHbifi hcckojibko pa3) no3BOJiHT y6paTb H3 rpaHiinbi F 
Bee 0Tpe3Kii npHMbix. Biopoft (raKJKe npHMeHeHHbifi HecKOjibKO pa3) no3BOjiHT 
y6paTb Bee yrjiOBbie tohkh F KpoMe flByx. 

TDl 

Bupe3(mue napaAAeAozpaMMa. Ilpeixrio- 
jiojkhm, Ha rpaHHne F ecTb 0Tpe30K 
npsMofi AB, h nycTb A'B' o6o3Hana- 
eT H,eHTpajibHO-CHMMeTpHHHbifi eMy OTpe- 
30K. Torjia H3 F mojkho Bbipe3aTb na- 
pajuiejiorpaMM ABA 1 B' h h3 ocTaBHinx- 
ca flByx KycKOB cocTaBHTb ixeHTpajibHO- 

CHMMeTpHHHyio BbinyKjiyio (pnrypy F' . IIpn stom, oneBHflHO, S(F') < S(F) 
h dF' w dF (i.e. hx rpaHHHbi CTa6HjibHO paBHoeocTaBjieHbi) . 

IloBTopHB 3Ty onepainiK) CTOJibKO pa3, CKOJibKO bo3mojkho, BbiSnpaa Ka»c- 
^,bifi pa3 HOByio napy OTpe3KOB, mm nojrynaeM HeHTpajibHO-cnMMeTpnHHyio bm- 
nyKjiyio (pnrypy F\ 6e3 OTpe3KOB npHMofi Ha rpaHnue Taxyio, hto S{F\) 
S(F) h DF! « dF. 

HemupexmapHupHuu cdem. IlycTb Ha rpaHHn,e F 
jiexaT iise napbi neHTpajibHO-ciiMMeTpiinHbix yrjio- 
bhx ToneK A, A' h B,B'. Pa3pe3aB F OTpe3KaMH 
AB, BA', A'B' h B'A, mm nojiynaeM napajijiejio- 
rpaM ABA'B' n neTbipe rop6yniKH (cm. pncyHOK). He 
yMOJiHH o6ihhocth, mojkho cnnTaTb, hto yroji /LAB A' 
Tynofi. IlycTb 6 ecTb BHeninnfi yroji rpaHiinbi F npn 
B. IIpeflCTaBbTe, hto b BepniHHM napajijiejiorpaMMa 
BCTaBjietiM niapHHpbi, a ctopohm cflejiaHbi H3 jKecTKO- 
ro MaTepnajia, npn stom rop6yniKH jkcctko npnirejia- 
hm k CToponaM. ^aBafiTe noBepneM CTopony AB bo- 
Kpyr B Ha yroji 9 Tax, hto6m yroji ZABA' yBejni- 
hhjich. Torjia njioinajxb napajijiejiorpaMMa ABA'B', a 
3HanHT h njiomaflb <P Ilr yP bI ) o6pa30BaHHOfi napajijie- 
jiorpaMMOM h HeTbipbMH rop6yniKaMH, yMeHbniHTCii; 
npn stom tohkh B h B' nepecTaHyT 6biTb yrjiOBbiMH. 
06o3HaHHM nojiyneHHyio (pnrypy F' 

HanHeM c (pHrypbi Fi h npo^ejiaeM c Hefi HeTbipexHiapHiipHbifi cjTBnr ctojib- 
ko pa3, CKOJibKO bo3mo}kho, Bbi6npas KajKflbift pa3 HOByio napy nap neHTpajibHO- 
CHMMeTpnHHMX yrjiOBbix ToneK, mm nojiynnM cpnrypy F 2 TaKyro, hto: 

a) F2 HMeeT He 6ojiee ojthoii napbi yrjiOBbix ToneK, 
6) F2 n,eHTpajibHO-CHMMeTpiiHHa, 

b) S(F 2 ) < S(Fl). 
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p) rpaHHn,a F2 paBHOCocTaBjieHa rpaHHue F\ h y F2 HeT 0Tpe3K0B npaMofi 
Ha rpaHHn,e. 

H3 3thx ycjiOBHii HeTpy,n;HO BH/i,eTb, hto F2 = L u . TaKHM o6pa30M. 
S(F) > S(F 1 ) > S(F 2 ) = S(L U ). 



OTMeTHM, hto F2 6bijia nojiyneHa H3 F kslK pe3yiiKraT nocjieflOBaTejitHO- 
cth inaroB, b KaayjOM 113 KOTopbix njiomaflb yMeHBmajiacB. 3naHHT, b cjiy- 
nae paBGHCTBa S(F) = S{L U ) mbi bobcg He pejiajm hi oflHoro niara, to ecT& 
F = F\= F 2 = L u . □ 

J^oKaaameAbcmeo aemmu 3.2. IlycTb F ecTb cpnrypa onucaHHoro THna. IIpoBe- 
pjeM flBe napajijiejibHbie npHMbie a 11 b TaK, hto bcs F jicjkht b nojioce Meacfly 
hhmh, h o6e npHMbie KacaiOTCH F . 06o3HanHM nepe3 An B tohkh nepeceneHHH 
F cooTBeTCTBGHHO c a h b (ecjiH npHMaa conpHKacaeTCH c F Bpom> OTpe3Ka, to 
cjiepyei Bbi6paTb npoH3BOjibHyio TOHKy Ha OTpe3Ke). IlycTb a ft oSosHa^aiOT 
cooTBeTCTBeHHO o6nryio yrjiOByio BejiHHiray Bcex pyr OKpyacHOCTeii Ha y^acTKax 
rpanHHbi F ot A po B h ot B po A npoTHB nacoBoii CTpejiKH. 

3.4. YnpaacHeHHe. IIoKaDtcume, umo napy A, B momcho eu6pamb c donoA- 
HumeAbHUM ceoilcmeoM umo a = /?. 

IIodcKa3Ka. ^[jih SToro HaflO npocTO npoxpyTHTb napy A, B HenpepbiBHO BOKpyr 
F, Tax hto A nepenijio 6bi b B, a B b A, h BOcnojib30BaTbCH tcm, hto nenpe- 
pbiBnaa cpyHKniiH Ha OTpe3Ke npHHHMaeT Bee npoMejKyTOHHbie 3HaHeHHH. Mbi 
TaKJKe coBeTyeM nocMOTpeTb CTaTbio BojiTHHCKoro h CaBima [BC-2], b KOTopoft 
o6cy»c^,aK)TCH reoMeTpH^ecKHe 3&pami, b penienHii KOTopbix npiiMeHaeTCH 3Ta 
npen. 

Tenept mm momm CHHTaTb, hto a = (3 = u>/2. Pa3pe»ceM F OTpe3KOM AB 
Ha flBe nacTH F— 11 F+. H3 peyx Konnii F— mojkho cocTaBHTb uenTpajibHO- 
CHMMeTpiiHHyio (purypy F- . AHajiorHHHO nocTyniiM c F + h nanyHHM (purypy 

CorjiacHO jieMMe 3.3 KajK^aa: H3 (pnryp F— h F+ HMeeT njiomaflb He MeHbnie, 
^eM jiHH3a L u . A 3HaHHT 

S(F) = S(F+) + S(F_) = $-(s(F+) + > S(L U ). 
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2x 




> 2x 




OTMeTHM, hto pRBeHCTBO mojkct /jocTHraTbca tojibko b cjiyrae, ecjiH o6e 
(pnrypbi F_ h F + KonrpysHTHbi L u , a 3HaHHT F HMeeT He 6ojiee flByx yrjiOBbix 
ToneK h He HMeeT OTpe3KOB npsMoii Ha rpaHHue, a 3HanHT F = 

□ 



4 KpyroBbie MHoroyrojibHHKH 

Mbi npncTynaeM k cjiyqaio KpyroBbix MHoroyro jtbhhkob , HanneM c onpe^ejie- 
hhh: 

4.1. Onpe,a,ejieHHe. BunyKAasi (fiuzypa na3ueaemcM KpyzoeuM MnozoyzoAb- 
hukom, ecAU ee zpanuup, paeHococmaeAena KoneuHOMy na6opy dyz OKpyMcno- 
cmeu u ompe3Koe npsiMou. 

4.2. Onpe^ejieHHe. Kpyzoeou MHozoyzoAtnuK M Ha3ueaemcsi oeaAt>HUM 
(uau oeaAOM,), ecAU oh o6Aadaem CAedymu^uMU ceoucmeaMu: 

a) He UMeem ompe3Koe npsiMou na zpanuue; 

6) UMeem dee nepnenduKyAMpnue ocu 
cuMMempuu a ub. ffaeaume o6o3nauuM ue- 
pe3 A, A' u B' ux mourn nepeceuenuH c 
zpanuueu M ; 

e ) ecAU zpanuup, M UMeem yzAoeue mon- 
ku mo ohu Haxodamcsi na ocu a, m.e. e mon- 
Kax A u A' ; 

z) paduycu dyz OKpyotcnocmeu, ozpanu- 
Hueamuifiu M , MonomoHHO eo3pacmawm om 
A do B. 

JlerKO BHfleTb, hto KpyroBofi MHoroyrojibHHK OBajieH TOiyja h tojh>ko TOiyja, 
Korfla OBajibHa ero KpyroBaa OKpecTHOCTb. 

4.3. TeopeMa. Kpyzoeou MtiozoyzoAbHUK yHUKaAtHococmaeAeu mozda u moAt>- 
ko mozda, Kozda oh oeaAen. 

B cjie,n,yioiHeM pa3/i,ejie mbi o6o6ihhm stot pe3yjiBTaT Ha cjiynaii Bcex bm- 
nyKjibix cpuryp. 
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HeTpy,a,HO BHfleTb, mo b Kjiacce KpyroBbix MHoroyrojibHHKOB co CTa6HjibHO 
pRBnococTRBjiGHHOH rpaHHueii ecTb eflHHCTBeHHbift, c to^ihoctbk) flo Konrpy- 
shthocth, OBaji. KaK h b cjiynaHx Kpyra h jihhsm, TeopeMa 3.3 rjisl KpyroBbix 
MHoroyrojibHiiKOB HeMefljieHHO cjie^yeT H3 aHajiora jieMMbi 3.2: 

4.4. JleMMa. Ecjiu npyzoeou MHozoyzoAbnuK M uMeem zpanwuy, cma6uAbno 
paeHococmaeAenym zpanuup oeaAa V , mo 

S{M) > S{V). 

BoAee mozo, ecAU S(M) = S(V), mo M = V. 

KaK h b cjryrae c jihh30h, ,n,OKa3aTejibCTBO 6yn,eT npoBefleHO b ,a,Ba inara; 
CHa^ajia mm ^OKajKeM aHajioniHHoe 6ojiee cjia6oe yTBepjKfleHiie: 

4.5. JleMMa. Ecau u,eHmpaAbHO-cuMMempuHHUu npyzoeou MuozoyzoAbHUK 
M UMeem zpanuuy, cma6uAbno paeHococmae-Aenym zpanuup oeaAa V , mo 

S(M) > S(V). 

BoAee mozo, ecAU S(M) = S(V) mo M = V . 

^HoKa3aTejiBCTBO jkmmm 4.5 npoxo,n,HT HH/ryKHiieH no KOjinnecTBy ^ryr pa3- 
jihhhmx pa^HycoB Ha rpaHHue M, npn stom mm CHHTaeM yrjiOBbie tohkh 3a 
flyrn HyjieBoro pa/niyca. ^OKa3aTejibCTBO pjia Kpyra momo npHHHTb 3a 6a- 
3y HH^yKi^HH, a ,n,0Ka3aTejibCTB0 pjin jihh3m mojkho paccMaTpiiBaTb KaK nacTb 
nepBoro inara b stoh HH/ryKHHH (Ha rpaHHue jihh3m npncyTCTByiOT pyrvi pa- 
flnyca R h paflnyca 0). TeM He MeHee, b flOKa3aTejibCTBe ynacTByeT eme napa 
^,onojiHiiTejibHbix H^eii, KOTopbie Hail He 6mjih HyjKHbi paHbine. 

B nacTHOCTii, HaM noTpe6yiOTCH cjie/ryioiHHe yTBepjKfleHHa, flOKa3aTejibCTBO 
KOTopbix mm npeflOGTaBjiaeM ^HTaTejno: 

4.6. Ynpa>KHeHHe. Ilycmb F u G cymt> eunyKAue ifiuzypu c paeHococmae- 
AeHHotL zpanuupu, a Fr u Gr — ux R-OKpecmnocmu; mozda F ~ G mozda u 
moAt>KO mozda, Kozda Fr ~ Gr. 

4.7. Ynpa>KHeHHe. Ecau eunyKAaa tfiuzypa F UMeem zpanuuy, paeHococmae- 
Aetiyw zpanuufi oeaAa V , mo duaMemp F He npeeocxodum duaMempa V . BoAee 
mozo, e CAyuae paeencmea duaMempoe, F KOHzpyanmna V . 

floKaaameAbcmeo acmmu 4-5- IlycTb M ecTb KpyroBOft MHOroyrojibHHK c n 
pa3jiHHHbiMH pa^HycaMH flyr Ha rpaHiine. 

KaK h b cjiynae jihh3m, npHMeHHB HecKOjibKO pa3 «Bbipe3aHne napajijiejio- 
rpaMMa», mm cbo/him 3a,n,aHy k cjiynaio, KOiyja Ha rpaHtme M OTcyTCTByiOT 
OTpe3KH npaMoii. B HacTHOCTH, mm mojkcm cuiTaTb hto rpaHHHa M, ysce He 
TOjibKO CTa6njibHO paBHOCocTaBjiena, ho h paBtiococTaBjieHa rpaHHue V. 

Ecjih Ha rpaHHn,e KpyroBoro MHoroyrojibHHKa M HeT yrjiOBbix tohck, to 
cymecTByeT KpyroBOft MHOroyrojibHHK M', TaKoft hto M = M' R (HanoMHiiM, 
hto M' R o6o3HaHaeT i?-OKpecTHOCTb M'). TaKHM o6pa30M, H3 ynpajKHeHHH 4.6 
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cjieflyeT mo /^octrtohho ,a,OKa3aTB jieMMy pjisi cjiynaa:, KOiyja Ha rpaHHne M 
ecTb yrjiOBbie tohkh. 

Ecjih y M 6ojiee o/nroft napti yrjiOBbix Tonex, to mo^kho npHMenHTb HecKOjib- 
ko pa3 « T ieTbipexinapHiipHijiH MeTOfl» h cbccth sa^a^y k cjiyraio, KOiyja Ha rpa- 
mine M ecTb pobho flBe yrjiOBbie to^ikh. 

flajiee, nycTb A, A' ecTt e/niCTBeHHas: napa yrjiOBbix tohck M, nycTB a ecTt 
BHeniHiifi yroji npn KajK/jpii H3 sthx Tonex, h n ecTb MHHHMajibHbiii neHyjieBOii 
pajrnyc flyr Ha rpamme M. 

Pa3pejKeM rpaHinry M Ha ,n,Be Ayra no TOHKaM ^4 h 
A' n npoflOjcKHM 06a KOHua nepBoft H3 flyr flByMH ,nyra- 
mh paflnyca T\ c yrjiOBOii BejiH^HHOft a. K nojiyneHHOii 
flyre mojkho npncTaBHTB BTopyio H3 pyr ot A pp A' po 
o6pa30BaHHH BbinyKjioii 3aMKHyT0ii kphboii 6e3 yrjiOBtrx j, 
Tonex. 06o3HanHM nepe3 M cpnrypy, orpaHHneHHyio no- 

JiyHeHHOII KpHBOfl. 

IIpo^ejiaeM Ty me onepainiio c OBajiOM V , nojiy^HM 
OBaji y c rpaHnn;efl paBHOCocTaBjieHHOii M. 

3aM6THM HTO npH 3TOM 

S(V) - S(V) > 5(M) - S(M), 

npuneM paBGHCTBO floCTHraeTCH tojibko ecjiH M KOHrpysHTHa V. ^eiicTBHTejiB- 
ho, V nojiynaeTCH H3 V ^o6aBjieHHeM flByx KpyroBbix cerMeHTOB h npHMoyrojib- 
HHKa c oflHoii CTopoHoii, paBHOfi ^iiaMeTpy V, h flpyroit, paBHOfi 2ri sin(a/2). C 
flpyroii CTopoHbi, M nojiynaeTCH H3 M /i,o6aBjieHHeM Tex me flByx cerMeHTOB h 
napajijiejiorpaMMa c o/nroii CTopoHoii, ne npeBoexoflHmeft /niaMeTpa V (b cnjiy 
ynpajKHeHHa 4.7), h /ipyroft CTopoHoii, TaK»ce paBHOfi 2ri sin(a/2). 

Tenepb mm nojiynnjiH KpyroBoii MHOroyrojibHHK M c n — 1 pasjiH^HBnvm 
paflnycaMH pyr Ha rpaHHne. Ho npe/HiojiojKeHHio HH,n,yKHHH, 

S(M) > S(V). 

Cjiojkhb sth HepaBeHCTBa, nojrynaeM 

S(M) ^ S(V). 

Cjiy^afi paBencTBa bo3mojkgh, tojibko ecjiH /niaMeTep M paBeH ,zniaMeTpy 
V. 3HanHT, b cnjiy ynpa>KHeHHH 4.7, M = V. □ 

Cjieflyiomee /i,OKa3aTejn>CTB0 cxojks Ha /i,OKa3aTejibCTBO jicmmbi 3.2 ^ajia: cjiy- 
^aa jihh3bi, ho b h§m ynacTByeT eme o^hh 3a6aBHbiii Tpiox. 

/%OKa3ameAt>cm60 jieMMU 4-4- I4ycTB M ecTB KpyroBoii MHOroyrojibHHK. IlycTb 
A h B cyTB tohkh Ha rpaHHue M, Taxne, hto nepe3 hhx mojkho npoBecTH na- 
pajijiejiBHBie npaMbie Tax, hto bch M 6y^eT jie>KaTB b nojioce Me:sc,zry hhmh. 
Pa3pe»;eM M OTpe3KOM AB Ha ppe nacTH M_ h M+. H3 ppyx Konnii M_ co- 
CTaBHM n,eHTpajiBHO-CHMMeTpHHHyio BbinyKjiyio (pnrypy M-. AHajiorHHHO no- 
CTyniiM c M_|_ h nojiynHM cpnrypy M + . flaBaiiTe o6o3HaHHM nepe3 V+ 11 V_ 
OBajibi c rpaHHH,eii, CTa6HjibHO paBHOCocTaBjieHHOii cootbctctbchho M + h M_ 
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^HaMeTpti OBajiOB V+ h V- nenpepbiBHO 3rbhcht ot Bbi6opa tohck A h B. 
TaKHM o6pa30M, npoKpyniiBaHiieM An B BOKpyr M, TaK»ce KaK b ,n;0Ka3aTejib- 
ctb6 pjisi jihh3bi, mo^kho /i,o6HTbCH TaKoro Bbi6opa A H B , HTO /niaMeTpbi V- H 
V+ coBna,n,yT. 

Pa3pe3aB V— ppyMs. ochmh chmmctphh, mm nojiyniiM neTbipe HeTBepTiiHKH 
KonrpysHTHbie, CKaxceM V—1/4. AHajioriiHHO nocTynHM c V—, nojiyHHM neTbipe 

HeTBepTHHKH KOHrpySHTHbie V+1/4. 

H3 AByx Konnii VL1/4 h a b Y x koiihh V+1/4 momo cocTaBHTb neHTpajibHO- 
CHMMeTpuHHBifi KpyroBoft MHoroyrojibHHK N, KaK noKa3aHO Ha KapTHHKe: 




ITpiiMenHB jieMMy 4.5 k N nojiynaeM: 

S{M) = S(M+) + S{M-) = §■ (S(M+) + S(M-)) > 

^ |- (5(7+) + S(V-)) = S(N) > S(V) 

OcTaeTCH npoBepHTb, hto paBeHCTBO b o6ohx sthx HepaBencTBax BjieneT 
KonrpysHTHOCTb M h V, h 3to mm meflpo npefloCTaBjiaeM HHTaTejno. 

Mm flOKa3ajin, hto jiio6oh OBajibHbiii KpyroBoft MHoroyrojibHHK hbjihctch 
yHHKajibHOCocTaBjienHOH (pnrypoii. OcTae-rca eme npoBepiiTb, hto He cymecTBy- 
eT flpyrHx yHHKajibHOCocTaBjieHHbix KpyroBbix MHoroyrojibHHKOB. IIpHMeHHB 
yTBepjKfleHHe 1.5, mbi nojiynaeM, hto KajKflbiii KpyroBofi MHoroyrojibHHK paB- 
HOCocTaBjieH Ha6opy H3 OBajia h KBajjpaTa. TaKHM o6pa30M, floCTaTOHHO npe/rb- 
hbhtb ppe HeKonrpysHTHbie BbinyKjibie cpnrypbi, KajK^aa H3 kotopbix paBHOCo- 
CTaBjiena HameMy Ha6opy H3 KBa^paTa h OBajia. IIpoBepKy SToro yTBepjKfleHHH 
mbi TaKJKe npefloCTaBjiaeM HHTaTejno. □ 

5 Ha6pocoK ,n,OKa3aTejii>CTBa o6m;ero cjiynaa. 

3to Han6ojiee TexHiinecKHH h HaHMeHee reoMeTpHHecKnii pa3jj,eji CTaTBH. Jlna 
ero noHiiMaHHH BaM noTpe6ypyeTCH 3HaTB b HeKOTopoM o6i>eMe Teopnio cpyHK- 
hhii Bem,ecTBeHHoro nepeMeHHoro (jjpcTaTOHHO nepBBix neTbipex rjiaB khhjkkh 
HaTaHCOHa [H]) h TaKace 3HaTB sjieMeHTapubie CBOiicTBa mctphkh Xaycjjpcpa, 
KOTopyio mm o6o3HaHaeM du, flJia KOMnaKTHbix no/TMHoacecTB njiocKOCTH (cm. 
nanpiiMep, [C]). 
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ITycTb a : [0, T) — > R 2 ecTb rpaHHua BbinyKjioii cpnrypbi napaMeTpii30BaH- 
Haa ^jihhoh b HanpaBjieHHii npoTHB nacoBoii CTpejiKii. y a onpejrejieHa npaBaa 
npon3BO,n;HaH a + (t). Onpe^ejiHM yroji noBopoTa kphboh ip(t) kbr yroji ot a + (0) 
pp a + (t) (ii3MepHeMbifi ot po 2-7r npoTHB nacoBofi CTpejiKH). H3 BbinyKjiocTn a 
cjie^yeT, hto <p(t) mohotohho B03pacTaioinaH cpyHKnna. 3to ,n,aeT bo3mojkhoctb 
onpe,n;ejiHTb «BepxHioio KpnBH3Hy » k(t) KaK BepxHHii npe^eji 

V ' t-rto t - t 

TaK KaK B03pacTaK>inan (pyHKiniH HMeeT npoii3BO,a,Hyio b nonTH Bcex TonKax, 
mm nojiynaeM, hto k(t) KOHe^Ha pjisi iiohth Bcex t. 

Onpe^ejiiiM «hhjkhhh pa^nyc kphbh3hbi » nepe3 R(t) = (cHHTaa = 
l/oo). 3to ^,aeT B03MO»cHOCTb o6o6in,HTb onpeflejieHne OBajia (onpeflejieHHe 4.2) 
Ha cjrynaii npon3BOjibHoii BbinyKjioii cpnrypbi F. CjieflyeT tojibko uomchhtb 
nyriKT z) na cjieflyioinnii: 

z) humchuu paduyc Kpueu3HU Kpueou, ozpaHUHueawiyeu F, Monomonno 
603pacmatom om A do B. 

3to cbohctbo mojkho nepecpopMyjinpoBaTb TaK: ecjni bbi e^eTe Ha ManniHe 
ot A po B no rpanHue F, to BaM npn^eTCH Bee BpeMH KpyTHTb pyjrb tojibko 
BnpaBO. BaniH KOjieca Bee BpeMH 6ynyT noBepHyTbi BjieBO, HHa^e F 6bi.ua 6bi He 
BbinyKjioii, ho caM pyjib BaM npiifleTCH KpyTHTb BnpaBO, yMenbHiaa yroji MejKjry 
nepeflHHMH 11 3aflHHMH KOjiecaMH. 

B cjrynae, Korjj,a rpaHnna F — rjiaflKaa KpHBaa, ycjiOBne z) coBna^aeT c 
MOHOTOHHbiM B03pacTaHneM o6binHoro pajrnyca kphbh3hm ot A po B. 

Mh, HaKOHeii,, roTOBbi ccpopMynnpoBaTb rjiaBHbiii pe3yjibTaT stoh CTaTbii: 

5.1. TeopeMa. BunyK/icui c/iuzypa yHUKajibHococmaeAeHa mozda u moM>KO 
mozda, Kozda ohcl oeaAwa. 

B ,n;0Ka3aTejibCTBe Hail noTpe6yeTCH noHHTne «npo<pnjib BbinyKjioii cpnry- 
pbi». ITycTb F ecTb BbinyKjian cpnrypa. 06o3HannM nepe3 pf{t) yrjiOByio Mepy 
ynacTKa rpaHHHbi F c hhjkhhm pajrnycoM KpiiBii3Hbi ^ r. OyHKiniH pp : K + — >• 
[0, 2-7r] Ha3biBaeTCH npoepHjieM (pnrypbi F. 

HanpHMep, npoepiuib Kpyra pa/niyca R ecTb 

ecjin r < R 
2-7T ecjin r ^ R, 

a npocpnjib jno6oro MHoroyrojibHHKa TOJKflecTBeHHO paBeH 2-ir. 

B cjiynae KpyroBbix MHOroyrojibHHKOB npocpnjib rpaHinibi ecTb CTyneHbna- 
Taa cpyHKHHH. PaBeHCTBO npocpnjieii rpaHim, KpyroBbix MHOroyrojibHHKOB paB- 
HOCHjibHO CTa6njibnon paBHOCocTaBjieHHOCTH hx rpaHHii,. B o6meM cjiynae 3to 
y»ce He TaK. TeM He MeHee, «paBeHCTBO npo(pnjieil» BbinyKjibix cpnryp pa6oTa- 
ct nonTH TaK »ce, KaK «CTa6njibHaH paBHOCocTaBjieHHOCTb rpaHnn;», T.e. BepeH 
cjieflyiomHii anajior yTBepjKfleHHH 1: 



Pk(t) = 
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5.2. YTBepiKfleHHe. CAedywiu,ue dea ceoucmea napu eunyK/iux tfimyp F u 
G paenocujibHu: 

(a) F u G UMewm paenue npocfiuAU zpanuu, u paenyto ruiovufidb 
(6) 3aji ak>6ozo e > Haudemcn napa cfimyp F' u G' , £-6jiu3Kue no Xay- 
cdoptfiy coomeemcmeeHHo k F u G u maKue, umo F ~ G' u G ~ F' . 

KpoMe Toro, jierxo BHfleTb, hto b Kjiacce BbinyKjibix (pnryp c paBHbiM npo- 
(pHjieM (He paBHbiM TOJKflecTBeHHO 2-7r) HafifleTCH eflHCTBeHHbiii, c tohhoctbio 

PP KOHrpySHTOCTH, OBajI. 

Taitsce KaK b cjiynae KpyroBbix MHoroy ro jii>hhkob , TeopeMa 5.1 cjie^yeT H3 
cjieflyioinero Bapnama jieMMbi 4.4: 

5.3. JleMMa. Ecjiu eunyKJian cfimypa F uMeem npoc/iuAb, paenuu npocfiuAm 
oeaAa V, mo S(F) ^ S(V). EoAee mozo, ecAu S(F) = S(V) mo F = V. 

Ha6pocoK doKa3ameAhcmea. IlpoH3BO.jibHyio BbinyKjiyio (piirypy F mojkho npn- 
6jiii3HTb nocjieflOBaTejibHOCTbio KpyroBbix MHoroyrojitHHKOB Mi , TaK hto npo- 

(pHJIH Mi CXO^HTCS K npOCpHJIIO F. (3TO nOHTH paBHOCHJIbHO TOMy, 1T0 113- 

MepiiMyio (pyHKuino Ha OTpe3Ke Moamo npii6jni3HTb (no Mepe) CTyneHnaToii 
cpyHKinien . ) 

IlycTb Vi o6o3HaHaiOT OBajibi, cooTBeTCTByioiniie Mj. HeTpyznro Bn,n,eTb, *3to 
Vi cxo,hhtch no Xaycflopepy k HeKOTopoMy OBajiy V. Bojiee Toro, nojiyHeHHbift 
OBaji V HMeeT tot npocpnjib, hto F. H3 jieMMbi 4.4 nojiynaeM S(Vi) ^ S(Mi) 
11, nepeiifla k npe^ejiy, S(V) ^ S(F). OcTaeTCH TOjibKO noKa3aTb, hto b cjiynae 
paBeHCTBa V h F KonrpystiTHbi. fljiH SToro Ha^o cjierKa yTOHHHTb jieMMy 4.4: 

5.4. JleMMa. fl^An aw6ozo e > cymficmeyem 5 > maKoe, umo, ecAu M 
ecmb Kpyzoeou MHOzoyzoAbHUK, u V ecmt coomeemcmeymvutAiu eMy oeaA, mo 
cIh{V,M) > e-h eAeuem S(M) — S(V) > S-h 2 , ede h o6o3nauaem wupuny oecuia 
V. 

^OKa3aTejibCTBO nojiynaeTCH flOBOjibno npocTbiM aHajni30M KajK^oro no- 
CTpoenna b flOKa3aTejibCTBe jieMMbi 4.4. □ 

6 Ilpo^BHHyTbie ynpaxcHeHHH 

A<pCpHHHaH yHHKajIBHOCOCTaBJieHHOCTB. IlOHHTIie paBHOCOCTaBJieHHOCTH 

momo TaKJKe paccMaTpnBaTb fljia: flpyrnx rpynn npeo6pa30BanHii njiocKOCTii, 
KaK, HanpnMep, pjin rpynnbi napajijiejibHbix nepeHOCOB hjih rpynnbi noflo6nn. 
/],OBOjibHO HHTepecHbiM cnynaeM HBjiaeTca rpynna SKBnacpHHiibix npeo6pa30Ba- 
hhh, T.e. acpHHHbix npeo6pa30BaHHii coxpaniiioinHx njiomaflb. B stom cjiynae, 

TaKHMII aCpCpHHHO-yHIIKajIbHOCOCTaBJieHHblMH (pHrypaMH flBJiaiOTCH TOJIbKO 3JI- 

jnmcbi. IIonpo6yfl:Te sto /i,OKa3aTb 

JXjir penieHiia stoto ynpajKHeHna: BaM npiiro/i,HTCH 3HaTb, hto TaKoe «aep- 
(piiHHaa /i,jiHHa», fljia stoto mm coBeTyeM nonnTaTb KHHJKKy Oeiteina ToTa [O], 

yHHKajiBHOCocTaBJieHHbie Ha6opti (pnryp. yHiiKajibHOCOCTaBjieHHOCTb mojk- 
ho o6o6mHTb na Ha6opbi H3 n BbinyKjibix (pnryp: na6op U3 n eunyKAUx cfimyp 
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Ha3ueaemcM ymiKCUibHOCOcmaeAeHHUM, ecjiu U3 paeHococmaeAeHHocmu smo- 
zo na6opa emopoMy na6opy U3 n eunyKJiux (fiuzyp cAedyem, umo Kaotcdasi U3 
cfiuzyp nepeozo na6opa KOHzpysnmHa odnou U3 cfiuzyp emopozo. 

,H,OKa}KHTe, hto Ha6op H3 n BbinyKjibix 4>iiryp yHiiKajibHOCocTaBjien Tor,n,a 
h tojibko Tor/i,a, Kor/i,a oh coctoht h3 KOHrpysHTHbix Me*yry co6ofi OBajiOB. 

,Hpyroe onpe^ejiemie paBHOcocTaBJieHHOCTH. Mojkho paccMaTpnBaTb Apy- 
roe onpe^ejieHne paBHOcocTaBJieHHOCTH, pa3peniiiB pa3pe3aTb no npon3BOjib- 
HbiM JKop,ii;aHOBbiM ,nyraM (T.e. o6pa3aM onH03HaHHbix HenpepbiBHtix OTo6pa- 
jKeHHfl OTpe3Ka), ho KaK 6bijio flOKasarmo b [DHK], ^jih BbinyKjibix cpnryp 3th 
onpe,ii;ejieHHH paBHOcnjibHbi, T.e. ecjin ppe BbinyKjibie cpnrypbi «paBHOCocTaB- 
jieHbi» no STOMy HOBOMy onpejrejieHnio, to ohh paBHOCocTaBjieHbi n b HanieM 
CMbicjie. 

3to He Tax npocTO, KaK mojkct noKa3aTbca; nonpo6yfiTe jrpKa3aTb sto caMH. 

yHHKajiBHOcocTaBJieHHBie Tejia. 

a) ,Z[oKajKHTe, hto ajih jnoGoro BbinyKjioro Tejia b R 3 HanjreTca npoii3BOjibHO 
6jni3Koe yHHKajn>HOCocTaBjieHHoe BbinyKjioe Tejio. 

6) IIonpo6yHTe Haton tohhbih CMbicji cjiob «noHTn Bce» n /i,OKa3aTb, hto 
«noHTn Bee BbinyKjibie Tejia b TpexMepnoM npocTpaHCTBe hbjijhotch ynn- 
KajibnococTaBjieHHbiMH». J\jisi SToro BaM npn^eTCH y3HaTb, hto TaKoe Ka- 
Teropna Bspa; sto mtokho cjrejiaTb nonnTaB KHHJKKy [O]. 

PaBHOCocTaBJieHHOCTB HeorpaHHHeHHBix cpnryp. 3Ty 3a,n,aHy npe,n;jio:saiji 
HaM A. B. THjib, jrpyroii ynacranK ysce ynoMimyToro MaTeMaTnnecKoro Kpyac- 
Ka. Mm ee pemnjin n nojiynnjin Maccy yflOBOjibCTBHH, Tenepb npe^jiaraeM BaM: 
PaBHOCocTaBJieHHOCTB moxho onpejrejinTb pjin HeorpaHHHeHHbix cpnryp, ^1,0- 
nycKaa pa3pe3aHHH BflOjib KOHenHoro nncjia jiyneft n OTpe3KOB npHMbix. 

a) CcpopMyjinpyliTe h jroKajKHTe aHajior TeopeMbi Boitan — FepBnna pjin 
6ecK<meuHux MHOzoyzojibHUKoe, T.e. fljia cpnryp orpaHHHeHHbix KOHen- 
hmm hhcjiom jiyneii h OTpe3KOB. HHane roBopa, naimiiTe Heo6xoflHMoe 
n ^ocTaTOHHoe ycjiOBne paBHOcocTaBJieHHOCTH flByx 6ecKOHenHbix MHoro- 

yrOJIbHHKOB. 

6) ^OKa jKHTe , hto ecjin 6ecKOHeHHaH BbinyKjiaa cpurypa F yHHKajibHOCo- 
CTaBjieHa, to h3 KajKfloii ee tohkh hcxojtht pobho ofliH jiyn nejniKOM 
cojTepjKainnncfl: b F. 

b) OnnniHTe Bee 6ecKOHeHHbie yHHKajibHOCocTaBjieHHbie BbinyKjibie cpnrypbi. 
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